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The a-invariant is determined and a description of the deﬁning ideal for the set SK
of rational points of the Segre variety over a ﬁnite ﬁeld K is given. The dimension as
well as the minimum distance of a Reed–Muller-type linear code deﬁned over SK are
also determined. An example is given to illustrate the ideas. # 2002 Elsevier Science (USA)
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Let K ¼ GF ðqÞ be a ﬁnite ﬁeld with q ¼ pr elements (p prime and r a
positive integer). Let PlðKÞ be the l-projective space over K and let X ¼
fP1; . . . ; Ptg be a subset of PlðKÞ. If L is a ﬁnite K-dimensional linear space
of functions deﬁned on the set X with values in the ﬁeld K, the evaluation
map
evX :L! Kt; evX ðf Þ ¼ ðf ðP1Þ; . . . ; f ðPtÞÞ1Partially supported by COFAA-IPN and SNI-SEP, M!exico.
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GONZA´LEZ-SARABIA ET AL.512determines the K-linear code CX ¼ evX ðLÞ. For any subset X and a general
linear subspace of functions L, it is a difﬁcult task to determine the
parameters of the code CX .
Let A ¼ K½X0; . . . ;Xl ¼ 	i
0 Ai be the graded polynomial ring over
the ﬁeld K where Ai is the K-subspace generated by all monomials in
A of degree i. If X  PlðKÞ and L ¼ Ad , ðd 
 1Þ is the d-graded
homogeneous component of the ring A, the corresponding linear code
CX ðdÞ :¼ evX ðAd Þ, will be called the Reed–Muller linear code over the
set X . If IX ¼ ff 2 A:f ðP Þ ¼ 0 8P 2 Xg ¼ 	i
0 IX ðiÞ is the (graded)
vanishing ideal of the set X , the linear code CX ðdÞ is isomorphic to the K-
vector space Ad=IX ðdÞ. Thus, the dimension of the code is given by the
Hilbert function of the ring A=IX . A generating matrix for this code can be
obtained by ﬁnding a Gr .obner basis for the ideal IX such that the cosets,
with respect to this ideal, of the monomials in A of degree d which are not in
the leading terms ideal LT ðIX Þ, are a K-basis for the vector space Ad=IX ðdÞ. If
B is this set of monomials then ðevX ðMÞÞM2B is a generating matrix for the
code CX ðdÞ.
Several authors have provided results about the code CX ðdÞ or related
codes for different sets X [2, 4, 8–12]. The Segre embedding has been used
recently to prove a conjecture on the weight of product codes [13] proposed
by Wei and Yang [15]. The purpose of this paper is to determine the a-
invariant, the Hilbert function of the ring A=IX , a set of generators
for the ideal IX , as well as the minimum distance of the code CX ðdÞ when X is
the set of K-rational points of the Segre variety deﬁned over the ﬁnite
ﬁeld K.
2. GENERAL RESULTS
In this section, we recall some basic deﬁnitions such as the Hilbert
function, the a-invariant of an ideal, the Segre variety and general results
that will be useful later on.
Let K, X  PlðKÞ with jX j ¼ t, A and I ¼ IX be as deﬁned in the
previous section and let R ¼ A=I be the coordinate ring of X . The Hilbert
function of R is deﬁned as HX ðdÞ ¼ dimK Ad  dimK Id , (cf. [1, Chapter 9,
Section 3]).
Let I ¼ 	1i¼g Ii, where g is the lowest degree of a nontrivial homogeneous
component of the ideal I . The a-invariant of R (or the a-invariant of I or
even the a-invariant of X ) is the integer aX such that
(a) HX ðdÞ ¼ dimKAd ¼ ðlþdd Þ , d5g;
(b) HX ðdÞ5HX ðd þ 1Þ5t if 0 d5aX ;
(c) HX ðdÞ ¼ t if d > aX .
The number aX þ 1 is called the regularity index of R by some authors.
REED–MULLER-TYPE CODES OVER THE SEGRE VARIETY 513For any ﬁeld L let PrðLÞ be the r-dimensional projective space over the
ﬁeld L. Recall that the Segre map is deﬁned as [6 p. 25, 7, Section 25.5]





bÞ ¼ ða0b0; . . . ; aibj; . . . ; anbmÞ;
where
%
a ¼ ða0; . . . ; anÞ,
%
b ¼ ðb0; . . . ; bmÞ and N ¼ ðnþ 1Þðmþ 1Þ  1.
The image of this map is known as the Segre variety deﬁned over the ﬁeld
L and it will be denoted by S. If Zij ¼ XiYj this variety is the locus of the
quadratic polynomials ZijZkl  ZilZkj.
From now on, an element of PN ðLÞ will be denoted by
%
z ¼ ðz00; . . . ; znmÞ
and let An ¼ L½X0; . . . ;Xn, Am ¼ L½Y0; . . . ; Ym and AN ¼ L½Z00; . . . ;Znm.
In the sequel, L will denote the ﬁnite ﬁeld K with q ¼ pr elements (p prime
and r a positive integer) and S ¼ SK the set of K-rational points of the Segre
variety deﬁned over K.
Note that, since the Segre map j is an embedding,








Let %K be the algebraic closure of K and %X be the image of the map




bÞ ¼ ða0b0; . . . ; aibj; . . . ; anbmÞ. If
AN ¼ K½Z00; . . . ;Znm let %AN ¼ %K ½Z00; . . . ; Znm and let I %X be the vanishing
ideal of %X in %AN .
Remark 2.1. Since %K is algebraically closed I %X ¼ hI %X ð2Þi, (cf. [6, p. 51]).
Remark 2.2. The following result, which will be useful later, was proved
in [9] (see also [10]): IPnðKÞ ¼ hX
q
i Xj  XiX
q
j :0 i5j ni.
3. THE HILBERT FUNCTION OF SK
Let K be a ﬁnite ﬁeld with q elements and let S ¼ SK be the set of K-
rational points of the Segre variety as introduced above. For any
I ¼ ði0; . . . ; inÞ 2 Nnþ1, X I will denote the monomial X
i0
0   X
in
n . Let B ¼
K½X0Y0; . . . ;XnYm ¼ 	d
0 Bd be the graded subalgebra of K½X0; . . . ;Xn;








GONZA´LEZ-SARABIA ET AL.514Lemma 3.1. For d
2 the kernel of the surjective linear transformation




Y Þ ¼ f ðX0Y0; . . . ;XnYmÞ, is ISð2ÞAN
ðd  2Þ.
Proof. It is easy to see that ISð2ÞAN ðd  2Þ  ker y. Obviously, ker y
I %S ¼ hQiji with Qij 2 AN being quadrics. By using the generalized division
algorithm, any f 2 ker y can be written as f ¼
P
i;j lijQij þ r, where lij 2
AN ðd  2Þ and r 2 AN is not divisible by LT ðQijÞ, the leading term of Qij.
Since fQijg forms a Gr .obner basis for I %S it follows that r ¼ 0 (since f 2 I %S)
and the claim is proved. &
Let Vd ¼ IPn ðdÞAmðdÞ þ AnðdÞIPm ðdÞ  Bd . The following result will be
useful in determining the Hilbert function of the ring AN=IS .
Proposition 3.1. For d 
 2 the kernel of the surjective linear transfor-






f ! yf ! yf þ Vd
is ISðdÞ.
Proof. If f 2 kerðp 8 yÞ then yf 2 Vd . In this case yf ¼
P
i ðhimiðY Þ þ
MiðX Þh0iÞ where hi 2 IPnðdÞ, miðY Þ 2 AmðdÞ, MiðX Þ 2 AnðdÞ and h
0
i 2 IPm ðdÞ.
Therefore f ðjðP ;QÞÞ ¼ yf ðP ;QÞ ¼ 0 8P 2 PnðKÞ, Q 2 PmðKÞ, and it follows
that f 2 ISðdÞ.
If f 2 ISðdÞ then yf ðP ;QÞ ¼ 0 8P 2 PnðKÞ, Q 2 PmðKÞ; i.e., yf 2 IPsðKÞ with
s ¼ mþ nþ 1. The following cases arise:
(1) d5qþ 1, 2d5qþ 1. Using Remark 2.2 above and the fact that
yf 2 Bd , it follows that yf  0 and therefore f 2 Vd .
(2) d5qþ 1, 2d 
 qþ 1. Since yf 2 Bd and Bd consists of bihomo-
geneous polynomials of bidegree ðd; dÞ, it follows that yf  0 and therefore
f 2 Vd .
(3) d 























































Y Þ 2 AmðdÞ and M 00v ð
%
X Þ 2 AnðdÞ. Thus yf 2 Vd . &
REED–MULLER-TYPE CODES OVER THE SEGRE VARIETY 515Corollary 3.1. The Hilbert function of the ring AN=IS is given by
HSðdÞ ¼ HPnðKÞðdÞHPmðKÞðdÞ:
Proof. From Proposition 3.1 it follows that AN ðdÞ=ISðdÞ ’ Bd=Vd .
Moreover, Bd=Vd ’ AnðdÞ=IPnðKÞðdÞ K AmðdÞ=IPmðKÞðdÞ, (the natural iso-
morphism). By taking dimensions the claim follows. &
Remark 3.1. From the above corollary it follows that
dimK CSðdÞ ¼ HPnðKÞðdÞHPmðKÞðdÞ:
Corollary 3.2. The a-invariant of the ring AN=IS is given by
aS ¼ maxfnðq 1Þ;mðq 1Þg:
Proof. It is an immediate consequence of the previous corollary and the
fact that aPnðKÞ ¼ nðq 1Þ and aPmðKÞ ¼ mðq 1Þ (cf. [10]). &
4. THE VANISHING IDEAL OF SK
The following result provides a set of generators for the vanishing ideal of
the set S of K-rational points of the Segre variety deﬁned over the ﬁnite ﬁeld
K with q elements.
Theorem 4.1. The vanishing ideal of the set S of K-rational points of the
Segre variety is given by
IS ¼ hISð2Þ; ISðqþ 1Þi:
Proof. In the proof of Proposition 3.1 it was noted that if f 2 ISðdÞ for
d5qþ 1, then yf  0. Therefore, f 2 ISð2ÞAN ðd  2Þ, i.e., ISðdÞ  hISð2Þi
whenever d5qþ 1.
If d > qþ 1, in order to prove the theorem, it is enough to show that
ISðdÞ 
P
i;j ZijISðd  1Þ. In this case, with the notation as in Proposition























r¼0 ir > 0,
Pm
r¼0 jr > 0,
Pn
r¼0 ar > 0 andPm










Y Þ 2 IPsðKÞ






ZÞ 2 ISðd  1Þ, showing that
f 2
P
i;j ZijISðd  1Þ. &
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Let K be a ﬁnite ﬁeld with q elements and let S ¼ SK be the set of K-
rational points of the Segre variety. In this section the minimum distance of
the Reed–Muller-type code CSðdÞ is determined.
Recall that the minimum distance of the projective Reed–Muller code
CPlðKÞðdÞ is dPl ðdÞ ¼ ðq sÞq
lr1, where d  1 ¼ rðq 1Þ þ s; 0 s5q 1
(cf. [14]).
Theorem 5.1. With the same notation as above, the minimum distance
dSðdÞ of the code CSðdÞ is given by
dSðdÞ ¼ dPn ðdÞdPmðdÞ:
Proof. Let f 2 K ½Z00; . . . ;Znmd and let S ¼ fP11; . . . ; Pk1k2g where k1 ¼
jPnðKÞj and k2 ¼ jPmðKÞj. Let L ¼ ðf ðP11Þ; . . . ; f ðPk1k2 ÞÞ 2 CSðdÞ  f0g. Note
that if j is the Segre map, then for all i; j, Pi 2 PnðKÞ and Qj 2 PmðKÞ exist
such that jðPi;QjÞ ¼ Pij, i.e., ðX0Y0; . . . ;XnYmÞðPr;QsÞ ¼ Prs. Therefore,
L ¼ ðf ðX0Y0; . . . ;XnYmÞðP1;Q1Þ; . . . ; f ðX0Y0; . . . ;XnYmÞðPk1 ;Qk2 ÞÞ:
Let f ðX0Y0; . . . ;XnYmÞ ¼
P
i;j aI ;JX
IY J . For each P 2 PnðKÞ and Q 2 PmðKÞ
let fP ðY Þ ¼
P
aI ;J P IY J 2 AmðdÞ and fQðX Þ ¼
P
aI ;JX IQJ 2 AnðdÞ, respec-
tively.
Let Li ¼ ðfPiðQ1Þ; . . . ; fPi ðQk2 ÞÞ 2 CPm ðdÞ, i ¼ 1; . . . ; k1, and let k3 ¼
#fi : Li=0g > 0. Since the Hamming weight of Li is such that wtðLiÞ 

dPm ðdÞ for all i with Li=0, it follows that wtðLÞ 
 k3dPmðdÞ.
In a similar way, for each j 2 f1; . . . ; k2g let Gj ¼
ðfQjðP1Þ; . . . ; fQjðPk1 ÞÞ 2 CPn ðdÞ. Take j such that Gj=0. If k35dPnðdÞ then
wtðGjÞ  k35dPnðdÞ. Thus wtðLÞ 
 dPn ðdÞdPm ðdÞ.
Let O1 ¼ ðgðP1Þ; . . . ; gðPk1 ÞÞ 2 CPn ðdÞ with wtðO1Þ ¼ dPnðdÞ and g 2 AnðdÞ,
and similarly let O2 ¼ ðhðQ1Þ; . . . ; hðQk2 ÞÞ 2 CPm ðdÞ with wtðO2Þ ¼ dPm ðdÞ and
h 2 AmðdÞ. Since the linear transformation y (as deﬁned in Proposition 3.1) is
surjective, F 2 AN ðdÞ exists such that
ðghðP1;Q1Þ; . . . ; ghðPk1 ;Qk2ÞÞ ¼ ðF ðjðP1;Q1ÞÞ; . . . ; F ðjðPk1 ;Qk2 ÞÞÞ ¼
O 2 CSðdÞ and wtðOÞ ¼ dPn ðdÞdPm ðdÞ, proving the Theorem. &
6. AN EXAMPLE
In order to illustrate the main results given above, an example is
provided.
REED–MULLER-TYPE CODES OVER THE SEGRE VARIETY 517Let K ¼ GF ð4Þ ¼ f0; 1; a; a2g be the ﬁeld with four elements and let j: P1
ðKÞ  P1ðKÞ ! P3ðKÞ be the Segre embedding over K. It is easy to see that
the set of K-rational points of the Segre variety is the following:
S ¼ fð0; 0; 0; 1Þ; ð0; 0; 1; 0Þ; ð0; 1; 0; 0Þ; ð1; 0; 0; 0Þ; ð0; 0; 1; aÞ; ð0; 0; 1; a2Þ;
ð0; 0; 1; 1Þ; ð0; 1; 0; aÞ; ð1; a; a; a2Þ; ð1; 0; a; 0Þ; ð1; a2; a; 1Þ; ð1; 1; a; aÞ;
ð1; a; 0; 0Þ; ð1; a2; 0; 0Þ; ð1; 1; 0; 0Þ; ð0; 1; 0; a2Þ; ð1; a; a2; 1Þ; ð1; 0; a2; 0Þ;
ð1; a2; a2; aÞ; ð1; 1; a2; a2Þ; ð0; 1; 0; 1Þ; ð1; a; 1; aÞ; ð1; 0; 1; 0Þ; ð1; a2; 1; a2Þ;
ð1; 1; 1; 1Þg:
Since aP1ðKÞ ¼ 3, it follows from Corollary 3.2 that aS ¼ 3. Now take
d ¼ 2. Then from Corollary 3.1, dimK CSð2Þ ¼ HSð2Þ ¼ 9, from Theorem 5.1
the minimal distance of the code is 9, and from Theorem 4.1, IS ¼
hISð2Þ; ISð5Þi. If Z00;Z10;Z01; Z11 denote the coordinates of P3ðKÞ, a set of
generators for IS is
















































Now, if Zij ¼ XiYj for all i ¼ 0; 1, j ¼ 0; 1, we observe that the generators
for IS can be obtained from the elements of the K-linear space
V ¼ ½IP1ðKÞð2Þ K A1ð2Þ þ ½A1ð2Þ K IP1ðKÞð2Þ.
For instance, if we take H ¼ Y0Y 41 ðX
4
0 X1  X0X
4
1 Þ 2 V , we note that:
H ¼ ðX0Y0ÞðX 30 Y
3
1 ÞðX1Y1Þ  X0Y0ðX1Y1Þ
4 ¼ Z00Z301Z11  Z00Z
4
11 2 IS :
Also, a basis ff1; f2; . . . ; f9g for the vector space A3ð2Þ=ISð2Þ can be given:
f1 ¼ Z200; f2 ¼ Z00Z01, f3 ¼ Z00Z10, f4 ¼ Z00Z11, f5 ¼ Z
2
01, f6 ¼ Z01Z11,
f7 ¼ Z210, f8 ¼ Z10Z11, f9 ¼ Z
2
11, from which a generating matrix for the
code CSð2Þ can be obtained. The Macaulay System [3] was used in the
calculations of this example.
ACKNOWLEDGMENT
The authors would like to thank the referee for the helpful suggestions which greatly
improved the presentation of the paper.
GONZA´LEZ-SARABIA ET AL.518REFERENCES
1. D. Cox, J. Little, and D. O’Shea, ‘‘Ideals, Varieties and Algorithms,’’ UTM, Springer-
Verlag, Berlin, 1992.
2. I. Duursma, C. Renter!ıa, and H. Tapia-Recillas, Reed–Muller codes on complete
intersections, in Applicable Algebra in Engineering, Communication and Computing,
AAECC, Vol. 11, pp. 455–462, Springer-Verlag, Berlin (2001).
3. D. R. Grayson and M. Stillman, Macaulay, Vol. 2, 1998, http://www.math.uiuc.edu/
Macaulay2/.
4. J. P. Hansen, Zero-dimensional schemes, in ‘‘Proceedings of International Conference,
Ravello, 1992’’ (F. Orrechia and L. Chiantini, Eds.), Walter de Gruyter, Berlin, 1994.
5. J. P. Hansen, Linkage and codes on complete intersections, preprint.
6. J. Harris, ‘‘Algebraic Geometry: A First Course,’’ GTM No. 133, Springer-Verlag, Berlin,
1992.
7. J. W. P. Hirschfeld and J. A. Thas, ‘‘General Galois Geometries,’’ Oxford Univ. Press,
Oxford, 1991.
8. R. F. Lax and G. Salazar, An analogue of one-point codes for complete intersection
varieties, preprint.
9. D. J. Mercier and R. Rolland, Polyn #omes homog"enes "a plusieurs variables sur un corps
ﬁni Fq qui s’annulent sur l’espace projectif PmðFqÞ, J. Pure Appl. Algebra 124 (1998),
227–240.
10. C. Renter!ıa and H. Tapia-Recillas, Reed–Muller codes: An ideal theory approach.
Comm. Algebra 25 (1997), 401–413.
11. C. Renter!ıa and H. Tapia-Recillas, The a-invariant of some Reed–Muller codes, in
Applicable Algebra in Engineering, Communications and Computing (AAECC), Vol. 10,
No. 1, pp. 33–40, Springer-Verlag, Berlin (1999).
12. C. Renter!ıa and H. Tapia-Recillas, Reed–Muller type codes on the Veronese variety over
ﬁnite ﬁelds, in ‘‘Coding Theory, Cryptography and Related Areas’’ (J. Buchmann, T.
Hoholdt, H. Stichtenoth, and H. Tapia-Recillas, Eds.), pp. 237–243, Springer-Verlag,
Berlin, 2000, ISBN 3-540-66248-0.
13. H. G. Schaathun, The weight hierarchy of product codes, IEEE Trans. Inform. Theory
46 (2000), 2648–2651.
14. A. B. S .orensen. Projective Reed–Muller codes. IEEE Trans. on Inform. Theory 37 (1991),
1567–1576.
15. V. K. Wei and K. Yang, On the generalized Hamming weights of product codes. IEEE
Trans. Inform. Theory 39 (1993), 1709–1713.
